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T2.

T3.

T4.

T5.

T6.

TT.

T8.

T9.

T10.

T11.

T12.

T13.

T14.

Trigonometry

Trigonometric Functions

sin?z + cos?x = 1
tan?z + 1 = sec?
cot?z + 1 =csc’x

sin(z & y) = sinx cosy £ cosx siny

cos(z £ y) = cosz cosy Fsinz siny

tanx £ tany

tan(z £ y) = —————
an(z +y) 1 Ftanz tany
T sinx
tan(=) = ————
an 2 ) 1+cosx

sin(2z) = 2sinx cosx
cos(2z) = cos? x — sin’ x
sin?x = 1/5(1 — cos(2z))
cos? x = 1/5(1 + cos(2x))
sinz siny = La(cos(z — y) — cos(z +y))
cosx cosy = 1fa(cos(x — y) + cos(x + y))

sinz cosy = a(sin(z — y) + sin(z + y))

T15.

T16.

T17.

T18.

T19.

T20.

T21.

T22.

T23.

T24.

T25.

T26.

T27.

¢1 cos(wt) + cosin(wt) = A sin(wt + @),

C1

where A = y/c} +¢c3, ¢ = 2arctan
ite, ¢ o

Hyperbolic Functions

el e ”
coshz = ————

sinho = & ¢~
cosh?z —sinh®z = 1
tanh?z + sech®z = 1
coth? z — csch?z = 1
sinh(z + y) = sinhz coshy + coshz sinhy

cosh(z +y) = coshz coshy + sinhz sinhy

tanh z + tanhy
tanh(z ty) = ———————
anh(z % ) 1+ tanhz tanhy

sinh(2z) = 2sinh z cosh
cosh(2z) = cosh? z + sinh®
sinha sinhy = 15(cosh(z + y) — cosh(z — y))

cosha coshy = 1/a(cosh(z + y) + cosh(z — y))



T28.

P1.

P2.

P3.

P4.

P5.

P6.

P7.

P8.

Po.

P10.

sinhz coshy = 1/a(sinh(z + y) + sinh(z — y))

Power Series

g 2?2
e“”:zﬁ:1+m+?+3j+‘~, —00 < x < 00
= n! ! !
i 2n+1 3 5
inz — i T LT
hmacfg( 1) (2n+1)!7m 3!+5! s 00 < T <00
i 2n 4
e 1\ xT _ x T _ .
Losr—;]( 1) ! 1 % +4v 00 < <00
ta1m:z+£+zws+£z7+~- 7I<£<I
3 15 315 2 2
1 - 0
71,T:ZI7L:1+I+’1+1$+“ “l<z<l1
© om0
o 2n+t1 23 5
T x x
inhe =Y — T R ;
sinh z "2:0<2n+1>! z+3!+5!+ B oo <z < oo
o _2n 2 1
T z?
coshw:;(27b)!:1+a+z+~~, —00 < <00
B2 o1
ta‘nhx:I—LJrfav"——7I7+--- Tex<T
3 15 315 2 2
f"(a) 1"(a)
1@ = f@+ @@ -0+ w0+ Lo 4
Taylor Series with remainder:
(n)
f(z) :ziv:nf"i!(”)(ll‘*(l)7,+RN+l<I)y where
Ry () = [ (z —a)N+? for some £ bet d
N+1 e (@ ween a and .

Derivative formulas

O

o

S

. Quotient rule: (—))

o ot W

. Product rule: (f(z)g(z))" = f'(z)g(z) + f(2)g'(z)
. Chain rule:

Fg@) = f'(g(x))g' (=)
du  dudx

dt  dwdt
f(@)

g(@ g(@)

T(L(Ccz) — .
. % sin(cz) = ¢ - cos(cx)
. cos(cx) = —c - sin(cz)

Algebra formulas

. Quadratic formula: Roots of az? + bz 4 ¢ = 0 are: & =

a? —b* = (a—b)(a+b)

o '@)g(@) = f(2)g'(x)

—btvb%Z—dac
2a

a® — b3 = (a—b)(a® + ab+ b?) and a® + b® = (a + b)(a® — ab + b?)

ca —b" = (a—b)(a" "t +ba" 2 4 L+ "2+ b0

Geometry formulas

. area of a triangle of base b, height h: A = bh/2
. volume of a sphere of radius r: V = 47r%/3
. surface area of a sphere of radius r: V = 4772



110.

I11.

112.

A constant of integration should be added to each formula. The letters a, b,
m, and n denote constants; u and v denote functions of an independent variable

such as .

Table of Integrals

Standard Integrals

et
/u"du: ol n# -1

/@ = In|u]
u
/c” du =e"

- u
/a”du:a— a>0

Ina’

/ cosudu = sinu
/sinudu = —cosu
/sec?‘udu = tanu
/cch uwdu = —cotu
/ secu tanudu = secu
/cscucotudu:—cscu
/tanudu:—ln\cosm

/cot wdu = In|sinu|

113.

114.

116.

7.

118.

119.

120.

121.

122.

123.

124.

125.

126.

/secudu = In|secu + tanul

/cscudu =In|cscu — cotu|

du 1 U
5 5 = —arctan (—)
a® +uw a a

/ du . (u)
—F———— = arcsim | —
Va? —u? a

/udv =uv — /11du

Integrals involving au + b

(au + b)n*!
ng, _ \au+0) " 1
/(au+b) du Tt n#
/ du _1 In |au + b|
au+b a
"~ udu u b
/ it a 70—2111\a74+b|
wdu b

1
a—an\au+b

(au+b)2 ~ a%(au+Db) +

du _ ll
u(au+b) b .

/ wan T bdu = 23U (4 4y

15a2

au+b

u‘

udu 2(au — 2b) Jau b
= L

J Vautb 3a?
2 ;
/uz\/au +bdu = 0528 (81)2 — 12abu + 15a2u2) (au+ b)‘”2
. 5a’

2d 2 ;
\/% = (81)2 — 4abu + 3a2u2) Vau+b
au O :




127.

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

Integrals involving u? + a?

du 1l u—a
@?—a2 2 |uta
wdu 2, o

,/71,2ia2 = 1pn|u® £ a®|

u? du —u+®m
J w2 —az 2

u—a
u+a

u? du u
— 3 — u— earctan { —
u® +a a

du 1
———— =ft-—1
/u(u2 +a?) 22 "

2

u? £ a?

Integrals involving vu? + a2

/ du
J Vu?ta?

/ wdu u
J Vurta? 2

wdu
— Vi +a?
NETa uida

/u\/ u?ta?du= % (u® + (L2)3/2

= ln‘qu Vu? £ a? ‘

2
Vu?ta®F %ln|u+ Vu? +a? ‘

u

/ du 1
=—In
J uvu?+a?  a

a+Vu? +a?

/ du -1 arcsec (u)
wie—a2 o \a

du _VuP+a?
u?Vu? £ a? RN

/ Vu2ta?du=

U

2

2
Vu?ta? £ % ln‘u +Vu? ta? ‘

140.

141.

142.

143.

144.

145.

146.

147.

148.

149.

, 2 4
/uz\/uziazdu:%(uziaz)g/2¥%\/u2ia2—%ln‘u+\/u2ia2|
P T a2
[ = VY
u u
oyl
/u du = \/u? — a® — aarcsec (E)
u a

Vu? £ a? Vu? £ a? :
/Tdu: —T+ln|u+ \/uziaz‘

Integrals involving va? — u?

. 2
/ vaz —u?du = % a? —u? + % arcsin (%)
d R
udu e

J Va2 —u?
, 5 1, 3
/u\/az —u2du = 7§(a271/‘2)3/2
u? v 2 a+va? —u?
du=+a?>-u?—aln| ——
u
/ du - 1ln a++vVa®—u?
uva? —u? a u

2 1
u au a . (u
/u2 a? —u2du=—— ((12 - 152)3/2 + ?\/a2 —u? + 5 arcsin (;)

4

Va2 —u2 Va2 —u2 L o/u
du = ————— — arcsin | —
U a
u? du u 5 3 a? A
—— = ——-Va® —u*+ —arcsin ( —
VaZ —u? 2 2 a
du

u?va® — a’u

Integrals involving trigonometric functions



153.

154.

159.

160.

161.

162.

163.

164.

166.

167.

168.

u  sin(2au)

/ sin(au) du = § — 2

| oy = % 4 S0iZ)
J = (D costan)
oy = s - S0

1
/sinz(au) cos? (au) du = % ~ 3% sin(4au)
2 1
tan®(au) du = — tan(au) — u
a

1
/cot2 (au) du = —= cot(au) — u
a

2a

/sec3(au) du = = sec(au) tan(au) + 2i In | sec(au) + tan(au) |
a
a

/cscS( w)du = L csc(au) cot(au) + 2i In | csc(au) — cot(au) |
a

2a

/u sin(au) du = aiz (sin(aw) — au cos(au))
/ucos(au) du = a% (cos(au) + ausin(au))
/u2 sin(au) du = % (2ausin(au) — (a®u® — 2) cos(au))

1 .
/uz cos(au) du = o (2au cos(au) + (a*u? — 2)sin(au))

sin(a — b)u  sin(a + b)u

_ 2 42
/sm au) sin(bu) du = 2a=b) a+h) a®#b
sin(a — b)u  sin(a+ b)u 5,2
cos(au) cos(bu) du = 2a—b) + Natb) a”#b
sin(au) cos(bu) du = _cos(a—bju M a® #b?
2(a—10b) 2(a+b)

169.

170.

171.

172.

173.

174.

175.

176.

I77.

178.

179.

180.

181.

. 1. .- n—1 -
/sm"udu:—fsmn Tucosu+ —— [ sin"2udu
P n n o

Integrals involving hyperbolic functions

/siuh(au) du = 1 cosh(au)
i a
/sinh2 (au) du = L sinh(2au) — u
) " da 2
1.
/cosh(au) du = . sinh(au)
/Cosh2(au) du="2+ E sinh(2au)
: ‘ T2 da

cosh ((a+b)u) | cosh((a—b)u)

sinh “osh lu =
/im (au) cosh(bu) du a+D) + 2a—1)
/sinh(a,u) cosh(au) du = 4i cosh(2au)

a

/tanh udu = In(coshu)

/sechudu = arctan(sinh u) = 2arctan (")

Integrals involving exponential functions

/ue’“‘ du = ﬂ(au —1)
pe

2q0u g _ e 2 ]
u e du = S(au72au+2)
a

1 n -
[ au = e 1 [ oo
a a

au

au i (T _ € sy
/e sin(bu) du = IR (asin(bu) — beos(bu))

10



182.

183.

184.

186.

187.

188.

189.

190.

au

au ., gy — € Qi Y
/e cos(bu) du = o (acos(bu) + bsin(bu))

Integrals involving inverse trigonometric functions

u w 3 ;
/arcsin (7) du = uarcsin (7) +Va? —u?
v a a
u u -
/arccos (7) du = warccos (7) —Va? —u?
" a a
v u a
/arctan (i) du = uarctan <7) ——1In (a2 + u2)
a a 2

Integrals involving inverse hyperbolic functions

/arcsinh (ﬁ) du = warcsinh (E) —Vu?+a?
a a

/arccosh (B) du = uarccosh (%) —Vu? —a? arccosh (%) > 0;
y a
= uarccosh (£) + vVu? — a? arccosh (%) < 0.

/arctanh (E) du = uarctanh (E) + gh; (az —u?)
a a 2
Integrals involving logarithm functions

/lnudu =u(lnu—1)

Inu 1
P ady — 4t 1
/u”lnudu—u" {n+17(n+1)2 s n#—1

11

191.

192.

‘Wallis’ Formulas

2
A T2 m
sin™ x dx = Jy "cos™adx
0

_ (m=1)(m=3)..20r1) ;.
= Tm(m-2)..(3012)

where k =1 if m is odd and k = /2 if m is even.

/2
/ sin™ x cos" x dx =
Jo

(m—=1)(m—3)...(20r1)(n —1)(n —3)

...(20r1)

(m+n)(m+n—2)...(20r1)

where k = 7/2 if both m and n are even and k = 1 otherwise.

Gamma Function

I'(z) = /0(>C t" et dt, >0
T(z+1)=2T(2)
T(1h) = V7

T(n+1)=nl, if n is a non-negative integer
Fourier Series

nrx . nax
ay, COS - + by, sin I

=
&

Il
NS

4
M2

3
Il

12



where
1 b
ap = Z/_Lf(z)d:t‘

1 [ nwr
ap, = z/_Lf(z)cossz,

1 [ . nmx
by, = Z/—L f(l)SlHT(il.

oo
flz) = Z e emiTe/ L
n=—oc

where

1k L
— =TT/ L g
= ZL/,Lf(L)e dx.

Bessel Functions
v = arbitrary real number; n = integer

1. Definition.
2%y" + xy’ + (A\%2% — v?)y = 0 has solutions

y=vy(Ar) =1, (Az) + e (Az), (v #n),

where
(71)771 r2m

Ju(t) = Z U2

ml :
frwrt I T(v+m+1)

2. General Properties.

Toal®) = (DML R0 =1 LO)=0, (n>1).

3. Identities.
d
(a) E[t”],,(t)] =t"J,—1(t).

d

0 SEPROI= a0 h) = 5.

13

LRO = (a6 = T (1)

=Jyoa(t) = 0(1)
—20(0) ~ T (0)-
(d) Recurrence Relation.

Joa(®) = 20,00 = J1(0)

4. Orthogonality.

Solutions v, (Aoz), y» (A1), ..., Yu(Anz),... of the differential system

22"+ xy’ + (N2 — 1)y =0, <z <

aryy(Azy) — by (%yu()\l'))

r=xk
have the orthogonality property:
T2
[ enman ey de =0, (m £ m)
£

and

.
/ 22 (Ama) do

@

.
1 ) d 2
e {(/\i»f'z —1?) g2 (Amz) + 27 (Eyu (Amw)) ] . (m=n).

£

. Integrals.

(a) /Vquﬁzﬁbm+c
® [

(q‘ﬁhmﬁ:mm+c

VR (t) + O

(d) /t“Jg(t) dt = (t* — 4t)Jy () + 22 Jo(t) + C
(e) /tle(t) dt = 2ty (t) — t2Jo(t) + C

(f) /t“,ll(z) dt = (48% — 16t)J1(t) — (t* = 8t3) Jo(t) + C

14



Zeros and Associated Values of Bessel Functions

Table of Laplace Transforms

() = £ {F ()} (1)

F(s) = L{f()} (s)

a Jo,a J0(Go.a) JLa J1(1.a)
1 2.40483 -0.519147 3.83170 -0.402760
2 5.52008 0.340265 7.01559 0.300116
3 8.65373 -0.271452 10.1735 -0.249705
4 11.7915 0.232460 13.3237 0.218359
5 14.9309 -0.206546 16.4706 -0.196465
6 18.0711 0.187729 19.6159 0.180063
7 21.2116 -0.173266 22.7601 -0.167185
8 24.3525 0.161702 25.9037 0.156725
9 27.4935 -0.152181 29.0468 -0.148011
10 30.6346 0.144166 32.1897 0.140606
11 33.7758 -0.137297 35.3323 -0.134211
12 36.9171 0.131325 38.4748 0.128617
13 40.0584 -0.126069 41.6171 -0.123668
14 43.1998 0.121399 44.7593 0.119250
15 46.3412 -0.117211 47.9015 -0.115274
16 49.4826 0.113429 51.0435 0.111670
17 52.6241 -0.109991 54.1856 -0.108385
18 55.7655 0.106848 57.3275 0.105374
19 58.9070 -0.103960 60.4695 -0.102601
20 62.0485 0.101293 63.6114 0.100035

15

L1. () F(s) = /OOc et f(t)dt
L2. 1, H(t), U(t) %

L3, Ult - a) ";

L4, " (n=1,2,3,...) s:il

L5. t* (a>-1) F(ﬁ,fl”

L6. et 5 i -

L. sin(wt) ERe

Ls. cos(wt) R

L9. 7't sk (s) = f(0)
L10. 1) s*F(s) = sf(0) = £'(0)
L1L i) (n=1,2,3,..) (=" F™(s)
L12. e f(t) F(s—a)

L13. e LT {F(s+a)} F(s)

L14. flt+P) = f(t)

16




Table of Laplace Transforms

Table of Laplace Transforms

() = £ {F ()} (1)

Fs) = L{f()} (s)

FO)=L7HE()} (1) Fs) = L{f(D)} (s)
129, bsin(at) — asin(bt) 1
ab(b? — a?) (s2 +a?)(s? + b?)
cos(at) — cos(bt) s
L30. —_— R v
30 b? —a? (52 4 a?)(s% +b?)
L31 asin(at) — bsin(bt) 52
o a? —b? (82 + a?)(s? + b?)
. bt i v
L32. e " sin(wt) CETLE
. bt s+0b
L33. e " cos(wt) Gt
2
34 — W b
L34. 1 — cos(wt) R
3
5 —ay ./ W
L35. wt — sin(wt) T
L36. ot —a) e % a>0, s>0
L37. 6(t—a)f(t) fla)e™*® a>0, s>0

L15. Ut —a) e L{f(t+a)}
L16. ft—a)U(t—a) e F(s)
t F
L17. / f(z)dz (s)
o s
t
L18. / f(2)g(t —z)dz F(s)G(s)
0
L19. %") / F(z)dz
1, . 1
L.20. - (e* —1) o9
n_at _ L
L21. the”, n=1,2,3,... Gs—ayit
eat _ bt 1
L22. —
a—1b (s—a)(s—b)
ae® — pebt s
L.23. a—1b (s—a)(s—b)
. w
L24. sinh(wt) i
p s
L25. cosh(wt) e
. 23
L26. sin(wt) — wt cos(wt) [Erwas
. 2ws
L27. tsin(wt) [
. 2ws?
L28. sin(wt) + wt cos(wt) Fro

17

Partial fraction decomposition (PFD) of N(z)/D(z): Let N(z) be a
polynomial of lower degree than another polynomial D(z).

1. Factor D(x) into a product of distinct terms of the form (ax 4 b)" or
(ax?+bx+c)*, for some integers r > 0, s > 0. For each term (az +b)" the PFD
of N(z)/D(z) contains a sum of terms of the form (a;‘«;»b) +ee ﬁ for
some contstants A;, and for each term (az? + bx + ¢)* the PFD of N(z)/D(z)
contains a sum of terms of the form (uf;ﬂf;() 4 ((“’_iﬁfwi“(:)u, for some

2) is the sum of all these.

constants B;, C

2. The next step is to solve for these A’s, B’s, C’s occurring in the numera-
tors. Cross multiply both sides by D(x) and expand out the resulting polynomial
identity for N(z) in terms of the A’s, B’s, C’s. Equating coefficients of powers
of z on both sides gives rise to a linear system of equations for the A’s, B’s, C’s
which you can solve.

18



Table of Fourier Transforms

Complex Fourier Integral:

where C, = F(w) = F{f(t)} () = f(w) = [ f(t)e~™tdt. (In the table

L iwt
ft) = g[mae dw,

a > 0 everywhere it appears)

Table of Fourier Transforms

FURW) = & [

oo

F(w)e™tdw

FLRW) = J2, femde

F12. ealtl il

F13. e~at® Te%

Fl14. - ze—alel

F15 FM@) (n=0,1,2,3,...) (iw)"F(w)

F16. f(t) (n=0,1,2,3,..) " FM (W)

F17. JZ5 F(u)g(t = w)du F(w)G(w)

F18. f(t)g(t) = 2 FP(@)G(w—a)dx
F19. 5(t) 1

FOUF@)Y = & [ F@etds | FL0) = [, f0e
F1. f(t) F(w)
F2. e "' H(t) =
F3. H(—t) +e " H(t) 2
Fd. — Ut H(—t) + e~ H(t) 2
c if —k<t<O
F5. b ifo<t<m L {(b—c)+cek —bemim}
0 otherwise
F6. k(H(t+a) — H(t — a)) 2k Sin(aw)
F7. f(t—to) e~ wh F(w)
F8. et ot f(t) Flw—wo)
F9. f(kt) ﬁF(f)
F10. f(=t) F(-w)
F11. F(t) 27 f(—w)
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Last modified 11-15-2006 by Prof A. M. Gaglione and Prof. W. D. Joyner.
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